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Projections
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. Projections
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FOV

I(r,0) =1, exp(—f% M(x,y)ds)
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Projections

lo®
I(r,0)=1, exp(—fL u(rcos - ssin,rsinf + scos B)ds)

0
p(r,0) =-In 1

0

= fL u(rcosO - ssin6,rsinf + scos6)ds
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Radon Transform

8(r.0) = [ u(x(s),y(s))ds

= f_iM(FCOSB — 5sin6,rsin6 + scos 6)ds

= f_i f_i u(x,y)8(xcos6 + ysin6 - r)dxdy

r
Gl ze r

;.’
r

N (xX + yy)*(cosOx +sin6y) = r

xcosO+ ysinf=r
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Example

1 x*+y*=l
f(x,y)={ ey

0 otherwise

g(L.o=0)= [ f(Ly)dy

Vi-i?
=) =y
N1 =1
0 otherwise

TT Liu, BE280A, UCSD Fall 2006

Sinogram

(b) (c)
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y Backprojection

b(x,,y) = p(1,0 =0)A6
= p(x,,0)A0

L,
b, (x,y) = g(xcosO + ysin0,0)A0
b(x,y) = B{g(l,@)}
= [ g(xcos6 + ysin6,6)d6
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Backprojection

b(x,y) = B{p(l,@)}
= f: p(xcosB + ysin6,0)do
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Backprojection

b(x,y) = B{p(1.6)} = [ p(xcosf+ ysin6,6)d6
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(a) (b)
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Projection Slice Theorem

G(p.0) = [ g(L.O)e > dl

= [T [ Fxy)6(xcosd+ ysind - he > dx dy di

= [T Flayge et gy gy
= F[ f(x.3)]

u=p cos,v=psin6

2-D Fourier transform

v

[, y) Fu, v)

0 1-D Fourier transform
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The Fourier Transform

Fourier Transform (FT)

G(f)= [ ge > dt = F{g()}

Inverse Fourier Transform

g = [~ G(He”"df = F{G()}
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Units

Temporal Coordinates, e.g. ¢ in seconds, f in cycles/second
G(f)= f _m g(t)e ™ dt Fourier Transform

g(t)= f :o G(f Ve’ 2”ﬁa’f Inverse Fourier Transform

Spatial Coordinates, e.g. x in cm, k, is spatial frequency in cycles/cm

G(k,)= f _O; g(x)e™’ 2 Fourier Transform

g(x) = f _O; G(k, )e’ 2”"“xa’kx Inverse Fourier Transform
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2D Fourier Transform

Fourier Transform

Gtk k) = Fle(v)] - [ sty sy

—00 —00

Inverse Fourier Transform

g(ry) = [ [ Gl ke "k dk,

—00 —00
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1D Fourier Transform
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Plane Waves

o2kt y) cos(ZJr(kxx + ky)’)) + jsin(ZJr(kxx + kyy))

1

NS

w—t— A\
: AN

1k,

cos(2mk, x) cos(2nkyy) cos(2mk, x +2nkyy)
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uo=1,00="0

uo=4,v9=1
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uy=2,v9=0 uy=4,99=0

uy=4,9=2 uy=4,v,=4

Figure 2.5 from Prince and Link

1/k. |9

Plane Waves

P
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AABC ~ ABDC
AC_ 4B
BC BD
11
k. k
D Bp-4BB¢ 55 !
C \/11 K2+ k2
2 2
o Kk
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l/kx =arctank—x
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k-space

Image space k-space

X h}
Fourier Transform
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Examples

50 100 150 200 250 50 100 150 200 250

50 100 150 200 250
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Examples

50 100 150 200 250 50 100 150 200 250

50 100 150 200 250 50 100 150 200 250

Examples

50 100 150 200 250 50 100 150 200 250

50 100 150 200 250 50 100 150 200 250
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Examples

50 100 150 200 250 50 100 150 200 250

50 100 150 200 250 50 100 150 200 250

Examples

(c) spike off-center in ky

50 100 150 200 250

(d) spike off-center in kx

50 100 150 200 250
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Computing Transforms
FO(x) = [~ 8(x)e > *dx =1

F((S(X - xO)) = fj:cé(x —_ xo)e_jzm‘xxdx = e—jZHkXxO

F(H(x)) = fl/ze_jz”k‘xdx

-1/2

e Jrk, _ jok

e

—j2mk

_ SR _ Gine(k )

X
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Computing Transforms

F()= [T ™ dx =27

Define h(k,) = f _w e~ *™*dx and see what it does under an integral.

Gk (k Vdk. = [ G(k) [~ e 7™ dxdk
J7 Gk n(k)ak, = [~ G(k,) [, :
- f"; f:G(kx)e-ﬂ”k«v*dkxdx

= f_i g(=x)dx
=G(0)

Therefore, F(1) = f _O;e"j 2t dx = 5(k,)
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Computing Transforms

Similarly,

Fle”™} = 8(k, - k,)
F{cos2mk,x} = %(6(1@ —ky) + Ok, + k)
F{sin2mk,x} = %(5(1;\_ —ky) =8k, +k,))
J
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Examples
o m H
<+—>
G(k,.k,) = 0(k,.k, )+ 8(k, + a)d(k,)

Jj2may

gx,y)=1+e
G(k,.k,) = 5(kx,ky) + 5(kx)5(ky -a)

TT Liu, BE280A, UCSD Fall 2006
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Examples
W
/ _

g(x,y) =cosm(ax + by))

<+

G(k,.k,) = %6(1@ —a)d(k, - D)+ %6(1@ +a)o(k, + D)
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Examples

G(k,,k,)=0(k,.k,)+
Ok, + c)é(ky) +
Ok, )o(k, - d) +

%a@-@&@-m+%a@+m&@+m

glx,y)=m"

TT Liu, BE280A, UCSD Fall 2006
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Basic Properties

Linearity
Flag(x,y) + bh(x,y)] = aG(k,.k,) + bH(k,.k,)

Scaling

1 k. k
F x,by)|=—G| =,—=
[g(a y)] ab‘ (a b)
Shift

F[g(x -a,y - b)] = G(kx’ky)e*./‘ZJr(kxmk},b)

Modulation
Flg(x)e" ] = G(k, - a.k, - b)
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Linearity

The Fourier Transform is linear.

F{ag(x) + bh(x)} =aG(k,)+bH(k,)

Flag(x,y) +bh(x,y)] = aG(k,.k,) + bH(k,.k,)
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Scaling Theorem

1 k 1 k. k
F{g(ax)} = =G| = F[g(ax,by)] = — G| —=,—=~
|a| a |ab| a b
(a) rect(x) (b) rect(3x)
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
-0.2 -0.2
-1 -05 0 05 1 -1 -0.5 0 05 1
(c) si)r(wc(kx) (d) sincx(kx/:%)/:%
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2/\/\/\
0 0
-0.2 -0.2
-10 5 0 5 10 -10 5 0 5 10
k. k
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Separable Functions

g(x,y) is said to be a separable function if it can be

written as g(x,y) = g (x)g, ()

The Fourier Transform is then separable as well.

Gk k) = [ [ gCeye ™ xay

_ fgx (x)e_jz"k'xdxfgy(y)e_jznk“'ydy
=G, (k )G, (ky)

Example

g(x,y) = II()II(y)
G(k,.k,) = sinc(k, )sinc(k, )

TT Liu, BE280A, UCSD Fall 2006
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Example (sinc/rect)

Example

g(x,y) =II(x)II(y)
G(kx,ky) = sinc(kx)sinc(ky)

12 | A

-1/2 172

-1/2

ky
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Example (sinc/rect)

50 100 150 200 250 50 100 150 200 250

50 100 150 200 250 50 100 150 200 250




Examples

g(x,y) =06(x,y) = 6(x)d(y)
G(k,.k,) =1

g(x,y) = 0(x)
G(k, k) =06(k,)
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Duality

Note the similarity between these two transforms

Fle™} = 8(k, - a)
F{8(x - a)} = ™2™

These are specific cases of duality

F{G(x)} = g(-k,)

TT Liu, BE280A, UCSD Fall 2006
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Application of Duality

. © SINJIX _;
F{sinc(x)} = f SIX _jomkr g 99
RO

Recall that F{II(x)} = sinc(k,).
Therefore from duality, F {sinc(x)} =TI(-k,) =TI(k,)
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Shift Theorem
F{g(x - a)} = G(k,)e >
F[g(x -a,y-— b)] = G(kx,ky)e—ﬂﬂ(k\awvb)

Shifting the function doesn't change its spectral content, so
the magnitude of the transform is unchanged.
Each frequency component is shifted by a. This corresponds
to a relative phase shift of

- 2na/(spatial period) = -2mak,
For example, consider exp(j2mk x). Shifting this by a yields
exp(j2nk (x — a)) = exp(j2nk x)exp(—j2mak )
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